An orthogonal basis of the Hilbert space for the quantum spin chain associated with the su(3) algebra is introduced. Such kind of basis could be treated as a nested generalization of separation of variables (SoV) basis for high-rank quantum integrable models. It is found that all the monodromy-matrix elements acting on a basis vector take simple forms. With the help of the basis, we construct eigenstates of the su(3) inhomogeneous spin torus (the trigonometric su(3) spin chain with antiperiodic boundary condition) from its spectrum obtained via the off-diagonal Bethe Ansatz (ODBA). Based on small sites (i.e. N = 2) check, it is conjectured that the homogeneous limit of the eigenstates exists, which gives rise to the corresponding eigenstates of the homogenous model.
Introduction
Quantum integrable system has played an important role in understanding the physical contents of the planar N = 4 super-symmetric Yang-Mills (SYM) theory and the planar AdS/CFT [1, 2] (see also references therein). Moreover, it has also provided valuable insight into important universality class in condensed matter physics [3] and cold atom systems [4] .
In the past several decades, the integrable quantum spin chains with U(1)-symmetry (with periodic boundary or with diagonal open boundaries [5] ) and with some constrained open boundaries [6, 7, 8, 9, 10, 11, 12, 13, 14] have been extensively studied by various Bethe ansatz methods for a finite lattice and by the vertex operator method [15] in an infinite or a half-infinite lattice [16, 17, 18, 19] .
Very recently, an important progress has been achieved in solving the eigenvalue problem of integrable models without U(1)-symmetry [20] (i.e., the off-diagonal Bethe Ansatz (ODBA), for comprehensive introduction we refer the reader to [21] ). Several long-standing models [20, 22, 23, 24, 25] have since been solved. It should be noted that besides ODBA [26] some other methods such as the q-Onsager algebra method [27, 28] , the separation of variables (SoV) method [29, 30, 31, 32] and the modified algebraic Bethe ansatz method [33, 34, 35, 36] were also used to obtain the eigenstates of the XXZ spin chains with generic boundary conditions. Remarkably, ODBA allows us to obtain eigenvalues of the U(1)-broken models associated with higher-rank algebras such as the su(n) spin chain with generic integrable boundary fields [24] , the Izergin-Korepin model 3 with generic boundary conditions [25] , the Hubbard model [23] and the supersymmetric t−J model [37] with unparallel boundary fields, and the open chain related to AdS/CFT [38] . However, the corresponding eigenstates for these models are still missing.
According to Liouville's theorem, a key feature of integrable models is that their variables are completely separable. This concept was generalized to quantum integrable models by Sklyanin [39] and provided a promising approach to construct eigenstates of quantum integrable models without U(1)-symmetry. Nevertheless, Sklyanin's SoV procedure has only succeeded for some rank-one quantum integrable models and a proper SoV scheme for the high-rank quantum integrable models is still absent. The main task of the present paper is to propose a nested SoV basis for the su(n) spin chain model. As an example of application, we construct exact eigenstates of the su(3) spin torus (i.e., the trigonometric su(3) spin chain with anti-periodic boundary condition), an archetype high-rank quantum integrable model without highest weight reference state, based on its spectrum recently obtained in [40] via ODBA.
The paper is organized as follows. Section 2 serves as an introduction to our notations for the inhomogeneous su(n) spin torus and its spectrum. In section 3, we introduce a nested SoV basis of the Hilbert space of the su(3) spin chain. It is found that the actions of the monodromy matrix elements on a basis vector have no compensating exchange terms on the level of the local operators (i.e., polarization free) and therefore become drastically simple. In section 4, with the help of the basis, as an example, we construct eigenstates of the transfer matrix for the su(3) spin torus from its spectrum obtained via ODBA [40] .
Concluding remarks are given in section 5. Some detailed technical proofs are given in
2 su(n) spin torus and its spectrum
Let V denote an n-dimensional linear space with an orthonormal basis {|i |i = 1, · · · , n}.
We introduce the Hamiltonian H as follows: 1) where N is the number of sites and h j,j+1 is the local Hamiltonian given by
Here P j,j+1 is the permutation operator on the tensor space and the R-matrix R(u) ∈ End(V⊗V) is the trigonometric R-matrix associated with the quantum group [41] U q ( su(n)), which was first proposed by Perk and Shultz [42] and further studied in [43, 44, 45, 46, 47] 4 R(u) = sinh(u + η)
where the n 2 fundamental matrices {E k,l |k, l = 1, · · · , n} are all n × n matrices with matrix
and η is the crossing parameter. The R-matrix satisfies the quantum Yang-Baxter equation (QYBE) (2.4) and possesses the properties:
Initial condition :
Unitarity :
Crossing-unitarity :
1,2 is the q-deformed anti-symmetric project operator [40] in the tensor product space V ⊗ V; and t i denotes the transposition in the i-th space. Here and below we adopt the standard notation: for any matrix A ∈ End(V), A j is an embedding operator in the tensor space V⊗V⊗· · · , which acts as A on the j-th space and as an identity on the other factor spaces; R ij (u) is an embedding operator of R-matrix in the tensor space, which acts as an identity on the factor spaces except for the i-th and j-th ones. For the su(3) case the R-matrix reads 9) where the matrix elements arē
Let us introduce the n × n twist matrix g
, and g n = 1. It is found that the R-matrix (2.3) is invariant with g,
This property enables us to construct the integrable su(n) spin torus model [40] .
Similar to the su(2) spin torus (or the XXZ spin chain with anti-periodic boundary condition) [49] , the su(n) spin torus is described by the Hamiltonian H given by (2.1) with anti-periodic boundary conditions
Let us introduce the "row-to-row" monodromy matrix T (u), an n × n matrix with operatorvalued elements acting on V ⊗N ,
Here {θ j |j = 1, · · · , N} are generic free complex parameters usually called as inhomogeneity parameters. The transfer matrix t(u) of the associated spin chain with antiperiodic boundary condition (2.14) can be constructed similarly as [49] 
The QYBE and the relation (2.13) lead to the fact that the transfer matrices t(u) given by (2.16) with different spectral parameters are mutually commuting: [t(u), t(v)] = 0. The Hamiltonian (2.1) with the anti-periodic boundary condition (2.14) can be obtained from the transfer matrix as
The eigenvalues Λ(u) of the transfer matrix t(u) in case of su(3) are given in terms of an
where
and the functions f 1 (u) and f 2 (u) are given by
The 4N + 4 parameters {λ
and e φ 1 satisfy the associated BAEs:
In homogeneous limit: {θ j → 0}, the resulting T − Q relation (2.18) and the associated BAEs (2.20)-(2.27) give rise to the eigenvalue and BAEs of the corresponding homogeneous spin chain (i.e., the su(3) spin torus).
Nested SoV basis
In this section, we propose a convenient basis of the Hilbert space parameterized by the N generic inhomogeneity parameters {θ j |j = 1, · · · , N}. It is found that actions of all the monodromy matrix elements on a basis vector take drastically simple forms like those in the so-called F-basis 5 [50, 51, 52, 53, 54] . All these ingredients allow us to construct exact eigenstates of the su(n) spin torus model.
For convenience, let us introduce the notations
The exchange relations among the above operators are listed in Appendix A. Let us introduce further the left quasi-vacuum state 0| and the right quasi-vacuum state |0
The operators (3.1)-(3.2) acting on the states give rise to
where the functions a(u) and d(u) are given by (2.19).
In the following part of this section, taking the su(3) spin chain as an example, we construct a nested SoV basis of the Hilbert space. The generalization to the su(n) case is given in Appendix B. For two non-negative integers m 2 and m such that m 2 ≤ m ≤ N, let us introduce m positive integers
For each P satisfies the above condition, let us introduce left and right states parameterized by the N inhomogeneity parameters {θ j } as follows:
where m 2 (resp. m − m 2 ) is the number of the operators
It is easy to check that the states (3.9) and the states (3.10) are eigenstates of the operator
Noting the fact that d(θ l ) = 0, l = 1, · · · , N and using the exchange relations (A.1)-(A.10),
we can derive some useful relations
14)
The above relations and the exchange relations (A.1)-(A.10) allow us to derive the orthogonal relations between the left states and the right states 17) where the factor
Here the functions {d l (u)} are given by
On the other hand, we know that the total number of the linear-independent left (right)
states given in (3.9) ((3.10)) is
Thus these right (left) states form an orthogonal right (left) basis of the Hilbert space,
where the notation P indicates the sum over all P satisfying the condition (3.8). Hence any right (left) state can be decomposed as a unique linear combination of these basis.
Moreover, direct calculation shows that actions of the monodromy matrix elements on this basis become drastically simple (see below (3.22)-(3.26)). Here we list some of them relevant for us to construct eigenstates of the transfer matrix in the next section,
sinh η e
The sketch proof of the above operator decompositions is given in Appendix C. Similarly, one may derive operator decompositions on the right basis which also have simple forms as one can see that in the basis (3.9) the operators have no compensating exchange terms on the level of the local operators (i.e. polarization free), which have similar simple forms as 6 Redefine: u → ǫu, θ j → ǫθ j and η → ǫη, then take the limit ǫ → 0. 7 The resulting SoV basis for the rational spin chain model is different from that in [55] . It is interesting to study the relation between them.
8 A general off-shell Bethe state is |λ 1 , · · · , λ m ; λ
, where {F i1,··· ,im |i l = 2, 3} are the vector components of a nested off-shell Bethe state 1) , and the operator B (1) (u) and |0 (1) are the corresponding creation operator and the reference state associated with the nested su(2) spin chain with m sites and the corresponding inhomogeneous parameters being {λ 1 , · · · , λ m } [56] . For general values of λ 1 , · · · , λ m and λ
m−m2 , the Bethe sate |λ 1 , · · · , λ m ; λ
m−m2 is a linear combination of the vectors (3.10) [59] . However, if the parameters {λ l |l = 1, · · · , m} are particularly chosen as {λ l = θ p l |l = 1, · · · , m} and then the nested parameters {λ (1) n |n = 1, · · · , m − m 2 } have to take the values in the chosen set of {λ l |l = 1, · · · , m} (e.g., {λ
(1) n = θ pn |n = m 2 + 1, · · · , m}), the corresponding linear combination becomes drastically simple such that only one term such as (3.10) does remain.
those in the F-basis [51, 52, 53, 54] and allow us to compute correlation functions [57] for quantum spin chains associated with higher-rank algebras [58, 59] .
Eigenstates of the transfer matrix
In this section, we adopt the method developed in [26] (see also [21] ) to construct eigenstates of the su(3) spin torus based on the inhomogeneous T − Q relations given by (2.18) [40] and the basis introduced in the previous section. For the su(3) case, the monodromy matrix is expressed in terms of the operators (3.1)-(3.2) as
The corresponding transfer matrix (2.16) reads
The commutativity of the transfer matrices t(u) with different spectral parameters implies that they have common eigenstates. Let |Ψ be a common eigenstate of t(u), which does not depend upon u, with an eigenvalue Λ(u), i.e., 
Following [26] , let us consider the quantities θ p 1 , · · · , θ pm 2 ; θ p m 2 +1 , · · · , θ pm |t(θ p m+1 )|Ψ . Acting t(θ p m+1 ) to the right gives rise to the relation
With the help of the expression (4.2) of the transfer matrix and the relations (3.13)-(3.14), by acting t(θ p m+1 ) to the left we readily obtain
where the scalar products F m (θ p 1 , · · · , θ pm ) are given by
It follows that in order to obtain all the scalar products (4.3) it is sufficient to compute the scalar products (4.6). After a tedious calculation, we have
where the state 0 | = 3, · · · , 3| and the functions
and M is an m × m matrix with matrix elements
The proof of (4.7) is given in Appendix D.
The identity decomposition (3.21) allows us to retrieve the eigenstate |Ψ of the transfer matrix corresponding to an eigenvalue Λ(u) as
where the factors
tively by (4.7) and (3.18). It should be emphasized that the factor F m 2 (θ p 1 , · · · , θ pm 2 ) does depend upon the corresponding eigenvalue Λ(u) associated with the eigenstate |Ψ , while
Some remarks are in order. In the homogeneous limit, the resulting eigenstate (4.11) (if it exists) becomes the eigenstate of the homogeneous quantum spin chain (i.e. the su(3) spin torus) due to the fact the T − Q relation (2.18) and the associated BAEs (2.20)-(2.27) have well-defined homogeneous limits. We have checked that such a limit of the state (4.11) does exist for some small N. For an example, here we present the limit of the N = 2 case
It is conjectured that the eigenstate (4.11) for generic N has a well-defined homogeneous limit. However, the direct proof remains an important open problem.
Conclusions
In this paper, we introduced a convenient basis of the Hilbert space, which could be treated as the SoV basis for the trigonometric spin chain model associated with the su(3) algebra.
We have demonstrated that the monodromy matrix elements acting on a generic basis vector take simple forms such as (3.22)-(3.26) without compensating exchange terms on the level of the local operators (i.e. polarization free). With the help of this basis, the corresponding eigenstates of the transfer matrix can be constructed by (4.11) via its ODBA solution [40] .
In the rational limit, the resulting basis serves as the SoV basis for the associated rational spin chain model. Moreover, as each basis vector is an off-shell Bethe state with the Bethe roots replaced by the inhomogeneous parameters, this procedure provides an efficient way to construct nested SoV basis for generic high-rank quantum integrable models such as the one-dimensional Hubbard model [60] with algebraic Bethe Ansatz.
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Appendix A: Exchange relations
The QYBE implies the following exchange relations among the monodromy matrix elements 
Note that the number of the operators C j (u) (or B j (u)) in the above expression is m j . Due to the fact that d(θ j ) = 0, with the help of the exchange relations (A.1) and (A.5), we can show that these states are in fact eigenstates of the operator D n n (u) [51, 52, 54] . These resulting simple forms allow one to construct eigenstates of the transfer matrix of the su(n) spin torus via its ODBA solution [40] .
Appendix C: Proof of the operator decomposition
Keeping the relations (3.11) and (3.13)-(3.14) in mind and using the exchange relations (A.1)-(A.10), one can easily check the actions (3.22)-(3.25) straightforwardly. In order to prove (3.26), we apply the identity decomposition (3.21) to the LHS of (3.26), giving rise to
where the sum is over
) is already known (3.18) , it is sufficient to compute the scalar products
The relations (3.12), ( Appendix D: Proof of (4.7)
Let us introduce a subspace H m for a fixed non-negative integer m spanned by the states
It is easy to check that the dimension of the subspace is
and that the subspace can also be spanned by another set of states
where 1 ≤ p 1 < · · · < p m ≤ N. Similar to the procedure for deriving (3.17), we have
where the state |0 = |3, · · · , 3 and the normalized factor f m (θ p 1 , · · · , θ pm ) is given by (4.9).
The relations (3.13)-(3.14) and the operator decomposition (3.24) enable us to derive that Now we are in position to prove (4.7). The relation (4.5) implies that 
